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1 Introduction 



Affine Kac-Moody are presently well established tools of theoretical physics. The indefinite Kac- 
Moody (KM) algebras [T] form a so general set of algebras that they defy any general classification. A 
subclass of these KM algebras, called hyperbolic, which are defined by the property that the diagrams 
(generally disconnected) obtained taking away a dot from their defining diagrams define a direct sum 
of finite and/or affine KM algebras have been classified in pOIH]- It has been found that these algebras 
are finite in number (238 in which 142 have a symmetric or symmetrizable Cartan matrix) and 
bounded in rank (10). These algebras have in the last decade attracted the attention of physicists, 
as they appear in a variety of physical models in two-dimensional field theories (supergravity, string 
theory, cosmological billiards) |U Ej. Therefore it seems natural to study the corresponding 
partners in the realm of Kac-Moody superalgebras [HI HH EI] • From these motivations, the authors of 
Ref. [TT] have recently classified hyperbolic Kac-Moody (HKM) superalgebras by a procedure quite 
close to that followed to classify the hyperbolic Kac-Moody ones, showing that they are limited in 
rank, now the maximum rank being 6, and that they are finite in number (for rank > 2). However, 
as we remarked that many diagrams are missing, while some of the proposed Dynkin-Kac diagrams 
correspond in fact to diagrams of untwisted or twisted affine Lie superalgebras (sometimes in the not 
distinguished basis), we present here a, hopefully exhaustive, classification of HKM superalgebras, 
together with a corresponding simple roots basis and we discuss a class of singular subalgebras. 

The article is organized as follows: in section 2 we recall the definition of a superalgebra, the rela- 
tion between Dynkin-Kac diagrams and generalized Cartan matrices, the action of the (super)Weyl 
o generalized Weyl transformations on the simple roots systems and the structure of the supplemen- 
tary or non Serre relations. Although most of the material is not new, we believe it is worthwhile to 
report it in some details for several reasons: (i) the standard rules of translating matrices in diagrams 
have to be slightly and suitably defined to include the case of indefinite, in particular hyperbolic, 
KM superalgebras; (ii) the deformation of the Dynkin-Kac diagrams has to be carefully handled, 
otherwise one is lead to naively include diagrams for HKM superalgebras, which really correspond to 
more general indefinite KM superalgebras; (iii) the action of the generalized Weyl transformations, 
which provides also in the case of HKM superalgebras all the not equivalent simple roots systems, 
allows one not to be worried about the appearance of new non Serre relations. In section 3 and 
the related appendices we present the diagrams corresponding to HKM superalgebras, together with 
their (not unique) system of simple roots and with their maximal regular subalgebras; in section 4 
we list the singular subalgebras, obtained by the procedure of folding. 

2 Kac-Moody superalgebras 

2.1 Generalized Cartan matrices and Dynkin diagrams 

Let A be a r x r matrix and . . . ,i p } be a subset of indices of / = {1, . . . , r}. The principal 
{«!,..., z p }-sub matrix of A, of order r — p, is a matrix obtained from A by deleting the rows and 
columns labelled by i±, . . . , i p . A principal submatrix of order r — 1 is called leading. 

We start by defining the notion of generalized Cartan matrix. In the case of Z2-graded algebras, 
it is convenient to deal with a recursive definition. 

Definition 2.1 A r x r matrix A with integral entries is called a generalized Cartan matrix if for 
each i G {1, . . . ,r} ; the leading principal {i}-submatrix of A is a generalized Cartan matrix (which 
may be of block diagonal form). 
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The Cartan matrices of the simple Lie algebras - A n , B n , C n , D n , £?e,7,8; F4 an d Gi ~ an d of the 
basic Lie superalgebras - A{m,n), B{m,n), C{n + 1), D{m,n), F(4), G(3) and D(2,l,a) - are 
generalized Cartan matrices. 

The matrix A is called symmetrizable if it exists an invertible diagonal matrix D such that DA is a 
symmetric matrix. The matrix A is called indecomposable if it cannot be reduced to a block diagonal 
form by reordering rows and columns. 

We will only consider generalized Cartan matrices which are indecomposable and symmetrizable. 
Moreover, we assume that the generalized Cartan matrices are properly normalized, i.e. an = 2 or 
an = for each i. If one defines the matrix D^ = di 5ij where the rational coefficients d{ satisfy 
diOij = dj aji, the symmetric Cartan matrix A' is given from the generalized Cartan matrix A by 
A' = DA. Note that, due to fact that off-diagonal entries of a row of a Cartan matrix corresponding 
to an = may have different signs, the diagonal entries of the symmetric Cartan matrices are not 
necessarily positive. 

Remark 2.1 It follows from the definition that the Cartan matrices of the affine (untwisted or 
twisted) Kac-Moody algebras and superalgebras are generalized Cartan matrices. 

Definition 2.2 Let r be a subset of I = {l,...,r}. To a given generalized Cartan matrix A and 
subset r, we associate a complex contragredient Lie superalgebra Q(A,t) - called Kac-Moody super- 
algebra - with 3r generators hi, ef and Z, 2 -gradation defined by dege^ = 0ifi^r, dege^ = 1 if 
i E r and deg hi = for all i. The generators hi and ef are subject the following set of relations: 

[h i ,h J ]=0 (2.1) 

[h h ef] = ±a ije f (2.2) 

{ef, e]\ = 8 ij h i (2.3) 

[e±e±l = ifa u = (2.4) 

and 

(adef) 1 "^' ef = (2.5) 

where the matrix A = (a^) is deduced from the Cartan matrix A = (a^) of Q{A,r) by replacing all 
its positive off-diagonal entries by —1. Here ad denotes the adjoint action: 

(adX) Y = [X, Y] = XY — (_i)dc g x.dc g y rx ( 2 ^ 

We denote by Qq and Qj the even and odd parts of the Kac-Moody superalgebra Q{A, r). Let TC C Qq 
be the subalgebra of Q generated by the hi (Cartan subalgebra). The superalgebra Q(A,r) can be 
decomposed as Q = a 5« where Q a = {x G Q \ [h,x] = a(h)x, h e 7i\. By definition, the root 
system of Q is the set A = {a G H* \ Q a ^ 0}. A root a is called even (resp. odd) if Q a fl Qq ^ 
(resp. 5 a n^^0). The set of even (resp. odd) roots is denoted by Ag (resp. Aj). Since Q{A, r) 
clearly admits a Borel decomposition, one defines as usual the notion of simple root system ffi I12j. 

To each superalgebra Q(A,t) can be associated a Dynkin diagram according to the following 
rules [12]. We will always assume that i G r if an = 0. 

1. Using the generalized Cartan matrix A: 

(a) One associates to each i such that an = 2 and i ^ r a white dot, to each i such that 
an = 2 and i G r a black dot, to each i such that an = and i G r a grey dot. 
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white dot black dot grey dot 

O • ® 

(b) The i-th and j-th dots will be joined by 77^ lines where 

r/ij = max ^|ay |, \aji\j if 7^ or /and a,-j 7^ and |ajj < 4 

?7ij = |ay| = |ay| if a«j = Ojj = and |ay|, ja^l < 4 

Otherwise, the i-th and j-th dots will be joined by a boldface line equipped with an 
ordered pair of integers (|(%|, \ a>ji\)- Note that this latter case does not appear for finite 
or afline Kac-Moody superalgebras. 

(c) We add an arrow on the lines connecting the i-th and j-th dots when 77^ > 1 and \ay \ 7^ 

pointing from j to i if |ay| > 1. 

(d) For D(2, 1; a), 77^ = 1 if a^- 7^ and 77^ = if = 0. No arrow is put on the Dynkin 
diagram. 

2. Using the symmetric Cartan matrix A': 

(a) One associates to each i such that a' u 7^ and % £ r a white dot, to each i such that 
a' u 7^ and i£ra black dot, to each i such that = and i£ra grey dot (see pictures 
above). 

(b) The i-th and j-th dots will be joined by 77^ lines where 

= ■ n Tm / h if a ^ a ii ^ and a */ - \ a 'a- a 'jj\ 
mm(|ay,|a^.|) " 3 n 

^ = min^K|,2) if < * °' = ° &nd ^ ^ 4 
Vij = Wij\ if a« = a'jj = and \a\j\ < 4 

Otherwise, the i-th and j-th dots will be joined by a boldface line equipped with an 
ordered pair of integers ( | a.^- 1 , 

(c) We add an arrow on the lines connecting the i-th and j-th dots when 77^ > 1, pointing 
from i to j if a' u .a'^ 7^ and \a' u \ > \a'^\ or if a' u = 0, a'^ 7^ 0, \a'^\ < 2, and pointing from 
j to i if < = 0, a'jj ^ 0, |a^| > 2. 

(d) For _D(2, 1; a), 77^ = 1 if a^- 7^ and 77^ = if a'^ = 0. No arrow is put on the Dynkin 
diagram. 

Although the rules seem more complicated when using the symmetric Cartan matrix A', the com- 
putation of the Cartan matrix A is often more involved than the symmetric Cartan matrix A'. 

Remark 2.2 The entries of the symmetric Cartan matrices A' can be obtained as the scalar products 
of the simple roots, i.e. a'^ = (aii,aij) (up to a multiplication by a suitable factor in order to get 
integer entries). 

Remark 2.3 The above rules imply that two white/black dots of square length L and scalar product 
S are connected by \2S/L\ lines. With this convention, the Dynkin diagram of the afline Kac-Moody 
algebra A^ is simply given by two white dots connected by two lines without any arrow. 
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Note that for superalgebras Dynkin-Kac diagrams with the same "topology" may be different. For 
example the diagrams drawn below represent respectively the superalgebras s/(2|2), osp(4|2), osp(A\A) 
and a hyperbolic Kac-Moody superalgebra of rank four (see definition I3.1J1 . The root systems are 
described in terms of the orthogonal vectors Si and (see Appendix B for conventions). 

£1— £2 £2 — Si 5i — 5 2 Xj) Si — 62 

O O *i-*i<gQ 

X) 5 1 + 5 2 




Si - s 2 



Si + s 2 



ei-5i- K- 




2.2 Non Serre type relations and generalized Weyl transformations 



In the case of finite and affine Kac-Moody superalgebras, it is known that the description given by 
the Serre relations ()2.1|) to ()2.4|) may lead to superalgebras with non trivial ideals f3JE]- ^ n or der 
to obtain a simple superalgebra, it is necessary to write supplementary relations involving more than 
two generators, in order to quotient the bigger superalgebra. These supplementary non Serre type 
conditions appear when one deals with isotropic odd roots (that is an = 0). 

The supplementary conditions depend on the different kinds of vertices which appear in the 
Dynkin diagrams. The vertices for finite and affine superalgebras can be of the following type: 



m 



1 



m 



m + 1 
— • 



m — 1 
• — 



m 



m + 1 



m — 1 



rn 



m + 1 



A, 



type I 



~7 

type I la 



=0 



type lib 



m — 1 



m + 1 




m — 2 m — 1 



m 



m + 1 



O 



type V 
1 2 

— a 

type VII 



o 



type VI 

where the small black dots represent either white dots associated to even roots or grey dots associated 
to isotropic odd roots. Hyperbolic superalgebras exhibit also more complicated vertices. 
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The supplementary conditions take the following form [T3*l 114[ ITS]: 



- type I, Ha and lib vertices: [e±, [e+ +1 , [e±, e±_J]] = 

- type III vertex: [e± , [e± +1 , e±_J] - [e± +1 , [e±, e^_J] = 

- type IV vertex: [e±, [[e± +1 , [e±, e±_J], [e±, e±_J]] = 

- type V vertex: [e±, [e±_ 1; [e±, [e± +1 , [e±, [e±_ 1; e±_ 2 ]]]]]] = 

- type VI vertex: [ef , [ef , {ef, [ef, [ef , ef]]]]] - 2 [ef , [e± [e± [e± [ef , ef]]]]] = 

- type VII vertex: 2 [e± [ef , [ef, {ef, [ef , ef]]]]] - 3 [ef , [ef, [ef , [ef , [ef , ef ]]]]] = 

For Kac-Moody superalgebras, there are in general many inequivalent simple root systems (when 
they contain isotropic odd roots), up to a transformation of the Weyl group W(Q) of Q. Following 
[T6] . the Weyl group W{Q) is extended by adding the following transformations (called generalized 
Weyl transformations) associated to the isotropic odd roots of Q. For a G Ay, one defines: 

7 r a if (a, a) (J 

(a, a) 

if (a, a) = and (a, (3)^0 

(2.7) 

if (a, a) = and (a,/3) = 



The transformation associated to an isotropic odd root a cannot be lifted to an automorphism of 
the superalgebra since w a transforms even roots into odd ones, and vice versa, and the Z 2 -gradation 
would not be respected. 

Let A be a simple root system of Q and a an isotropic odd root. Then one has for any root 7 7^ n a a: 
7= ^2 n pP + X] npP + n a a = n p w a {f3) + s^w^a) (2.8) 

a a/3 ^0 a Q/ 3=0 



w a (j9) 


= (3-2 


w a (P) 


= f3 + a 


w a ((3) 


= P 


w a (a) 


= —a 



where the coefficients n a ,n^ e Z> and s 7 is given by 



5^ n/3-n a (2.9) 

Then, by induction on the height of the root 7, one can prove that s 7 is a non negative number, 
which shows that the transformed simple root system w a (A°) is again a simple root system |16j . 
The generalization of the Weyl group gives a method for constructing all the simple root systems of 
Q and hence all the inequivalent Dynkin diagrams. A simple root system A being given, from any 
isotropic odd root a e A , one constructs the simple root system w a (A°) where w a is the generalized 
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Weyl reflection with respect to a and one repeats the procedure on the obtained system until no new 
basis arises. 

Note that this procedure is in fact very general and apply for any Kac-Moody superalgebra whose 
simple root systems contain isotropic odd roots. However, for Kac-Moody superalgebras which are 
neither of finite type nor of affine one, one may obtain in certain cases simple root systems containing 
even or odd root(s) of very large negative length. We will comment this point in the next section in 
the peculiar case of hyperbolic KM superalgebras. 

3 Hyperbolic Kac-Moody superalgebras 
3.1 Definition 

Let Q(A,t) be a Kac-Moody superalgebra with generalized Cartan matrix A and Z2-gradation r. 
By convention, it will be called indefinite Kac-Moody superalgebra if it is neither of finite nor of 
affine type. Of course, when the Z 2 -gradation r is trivial, one recovers the usual classification of the 
Kac-Moody algebras. 

Definition 3.1 Let Q(A, r) be an indefinite Kac-Moody superalgebra with generalized Cartan matrix 
A and non trivial Z 2 - gradation r corresponding to a connected Dynkin-Kac diagram. Q(A, r) is called 
a hyperbolic Kac-Moody (HKM) superalgebra if every leading principal submatrix of A decomposes 
into constituents of finite or affine type, or equivalently, if deleting a vertex of the Dynkin diagram, 
one gets Dynkin diagrams of finite or affine type. 

The hyperbolic superalgebras are divided into the following classes: 

1. strictly hyperbolic if every leading principal submatrix of A decomposes into constituents of 
finite type, 

2. purely hyperbolic if every leading principal submatrix of A decomposes into constituents of 
affine type, 

3. hyperfinite if at least one leading principal submatrix of A decomposes into constituents of 
finite type, 

4. hyperaffine if at least one leading principal submatrix of A decomposes into constituents of 
affine type. 

Theorem 3.2 The hyperbolic Kac-Moody superalgebras of rank r > 3 are finite in number (213) 
and limited in rank (6). They are listed in Appendix A. 

Remark 3.1 As in the algebraic case, the HKM superalgebras are not of finite growth ^3^]. Let 
us remind the notion of growth: let Q(A, r) be a Kac-Moody superalgebra and I <Z Q a, finite subset 
of Q . The growth of Q is by definition the number 

r(G) = sup lim (lnd(X, n)/lnn) (3.1) 

where I runs over all finite subsets of Q and d(I, n) is the dimension of the linear span of the 
commutators of length at most n of elements of X. The superalgebra Q is of finite growth if r(Q) < oo. 
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By applying the definition 13.11 one gets a Dynkin diagram for a given HKM superalgebra. The 
other Dynkin diagrams are obtained by means of generalized Weyl transformations. Generally, the 
transformed Dynkin diagrams do not satisfy the definition 13.11 fsee example below). We conjecture 
that it always exists only one Dynkin diagram with the minimal number of odd roots satisfying 
definition 13.11 Such a Dynkin diagram will be called distinguished. 



3.2 Example 



As an illustration of the generalized Weyl transformations procedure, we give below the different 
inequivalent simple root systems with the corresponding Dynkin diagrams and symmetric Cartan 

S) be a basis 
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• Simple root system A = {a x = E\ — e 2 ,a2 = £2 — £3,^3 = e 3 — e^a^ = K — 5 + £4,05 = 
25 - 2K~, a 6 = K+ - 2K~ + 25 - e x - e 2 - e 3 - e 4 } 

\ 



1 
2 2 

2 -4 -6 
2 -6 -4 / 

The explicit form of the non Serre type supplementary relations for HKM superalgebras is not 
known yet, at least for the vertices which are not of finite nor of affine type. However, another 
alternative way of describing the HKM superalgebras is to consider all inequivalent Dynkin diagrams 
and write the usual Serre relations (|2.1|) - ()2.2j) (of course this leads to redundant information). Indeed, 
the non Serre type relations become Serre relations after a generalized Weyl reflection with respect 
to an appropriate isotropic odd root |T%| . 

Note nevertheless that in the case of HKM superalgebras, one may produce by generalized Weyl 
transformations some exotic simple root systems corresponding to Cartan matrices with non integer 
(rational) entries associated to weird non standard Dynkin diagrams (this was not the case in the 
above example). As in the usual case, one gets supplementary non Serre type relations, but now also 
associated to non isotropic even simple roots. 

3.3 Rank two HKM superalgebras 

Clearly any rank 2 HKM superalgebra is described by a Dynkin-Kac diagram of the form 

• • 

where the dot can be a white, black or grey dot. Both dots cannot be either white, as this diagram 
describes KM algebras, or grey, as this diagram is isomorphic to the diagram, in the non distin- 
guished basis, of sZ(l/2). The Dynkin-Kac diagrams corresponding to rank 2 finite and affine KM 
superalgebras, up to generalized Weyl transformations, are listed below: 

«*1|4) ( -2 1 ) ^i 2 '' 1 ' C^i ( J 1 ) 
rf (l|3)W (>=# ( J ~\ ) OS p(2|2)<2> + + ( J ~\ ) 

S ((l|2) (g, O ( -1 2 ) ° S ^> ®=^=0 (-22) 

In |17| ll0j. it is proven that any superalgebra associated to a 2x2 matrix not appearing in the above 
list is of infinite growth. It follows: 

Theorem 3.3 The hyperbolic Kac-Moody superalgebras of rank two are infinite in number. Their 
generalized Cartan matrix and Dynkin diagram are, up to generalized Weyl transformations, reducible 
to one of the following list: 

• with Z2- gradation r = {1} 



ai a 2 U3 

o — o — o 




/ 2 

-1 
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-1 

2 
-1 








-1 

2 
-1 
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2 ) with(k,k') = (l,k'), k' <4, (k,k') = (3,l) ork,k' eZ >0 , kk' >4 

^ 2 ^ w ith k e ^>0; fc > 2 
• witt Z 2 - gradation r = {1,2} 
2 -k 



, (A;, fc') = (1, fc'), fc' < 4 or fc, fc' e Z >0 , kk' > 4 



VFe denote them as BW(k, k'), GW(k), BB(k, k') and GB{k), with corresponding Dynkin diagrams: 
fc' fc' /-n x-x fc /-n ^ fc' fc' ^ x-x fc A 



Note that in order to write only one type of diagram, we have not strictly followed the rules given 
in section 2. 

The simple root systems of the HKM superalgebras BW(k, k') and BB(k, k') are given by 



n 

i=i i=i 



^ fc; + fc Q and a' = - ^ - A^ K~ (3.2) 



min(n,n') n n' 

where fcj, fc^, fc a , A;^ G Z> satisfy fcfc' = fc Q A4 + ^ fcjfc-, A; 2 = ^ A; 2 and A;' 2 = ^ A;' 2 , while for 

i=l i=l i=l 

the HKM superalgebras GW(k) and GB(k) the simple roots are ct = —k K~ and a' = S\ — e 2 + 

4 Subalgebras of hyperbolic KM superalgebras 

Let Q be a Kac-Moody superalgebra, and consider its canonical root decomposition 

aeA 

where 7i is the Cartan subalgebra of Q and A its corresponding root system. 
A sub (super) algebra Q' of Q is called regular if Q' has the root decomposition 

Q' = H'® 0& 

where H' C H and A C A'. 

Consider a HKM superalgebra Q. Deleting a dot in the distinguished Dynkin diagram of Q leads 
to regular sub (super) algebras of Q of finite or affine type by definition. In Appendix C, we list 
these regular sub(super)algebras corresponding to the Dynkin diagrams of Appendix A. Note that 
in several cases, the diagram of the subsuperalgebra is not the distinguished one. 
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A sub(super)algebra Q' of Q is called singular if it is not regular. The folding method allows one to 
obtain some singular sub (super) algebras of the HKM super algebras. Let Q be a HKM superalgebra 
with a distinguished Dynkin diagram exhibiting a Zjy symmetry. This Zjy symmetry is generated 
by an automorphism r of order iV (t n = 1) acting on the root system. The automorphism r can 
be lifted at the algebra level by setting r(e a ) = e r ( w ) for a generator e a associated to a simple root 
a. The symmetry of the Dynkin diagram induces a direct construction of the sub (super) algebra Q' 
invariant under the Q automorphism associated to r. Indeed, if the simple root a is transformed 
into r(a), then a' = a + r(a) + . . . + r iV_1 (a) is r-invariant since t n = 1, and appears as a simple 
root of Q' associated to the generator e a i = e a + e r ( w ) + . . . + e T N-ir Q \, where e T k^ is the generator 
corresponding to the root r k (a) (k = 0, . . . , iV — 1). A Dynkin diagram of Q' will therefore be 
obtained by folding the Z^-symmetric Dynkin diagram of Q, that is by transforming each iV-uple 
(a, r(a), . . . , r iV ~ 1 (a)) into the root a' = a + r(a) + . . . + r Ar_1 (a) of Q' . It is easy to convince 
oneself that for Q' the defining relations (|2.1j) - (|2.5Jl of a HKM superalgebra hold (be aware that, in 
particular for the Serre relations ([2.5)1 . the entries of the Cartan matrix are now those of Q'). 

We present in Table 1 the list of HKM superalgebras Q to which the folding procedure can be ap- 
plied and the corresponding singular subsuperalgebras Q' . Note that in general the obtained singular 
subsuperalgebras are also HKM superalgebras. However, in the case of the HKM superalgebra #6 of 
rank 6, one obtains for Q' the simple Lie superalgebra F(4) (note that for affine Lie (super) algebras 
the folding procedure always leads to (super) algebras of affine type). This is due to the fact that for 
HKM superalgebras the root system contains two isotropic roots whose scalar product is not trivial. 

Remark 4.1 The folding procedure cannot be applied to the rank four HKM superalgebras labelled 
by the numbers #59 to #62, despite the apparent Z 2 -symmetry of the distinguished Dynkin diagram, 
as the Z 2 -grading of the invariant generators would not be respected. 



Table 1: Folding of the HKM superalgebras 
rank of Q Q label order of r rank of Q' Q' label 
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#24 


2 


2 


BW(4,2) 


3 


#25 


2 


2 


BW{2,4) 


3 


#27 
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2 


BB(2,A) 


3 


#28 


2 


2 


BB(A,2) 


3 


#31 


2 


2 


BW(8,1) 


4 


#33 


2 


4 


#37 


4 


#34 


2 


4 


#39 


4 


#40 


2 


3 


#57 


4 


#41 


2 


3 


#5 


4 


#42 


2 


3 


#21 


4 


#44 


2 


3 


#26 


4 


#45 


2 


3 


#15 


4 


#46 


2 


3 


#13 


4 


#47 


2 


3 


#14 


4 


#48 


2 


3 


#34 


4 


#55 


2 


3 


#52 


4 


#56 


2 


3 


#54 


4 


#57 


2 


3 


#53 


4 


#58 


2 


3 


#47 
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Table 1: Folding of the HKM superalgebras (cont'd) 
rank of Q Q label order of r rank of Q' Q' label 



4 


#63 


2 


3 


#37 


4 


#64 


2 


3 


#5 


4 


#65 


2 


3 


#1 


4 


#66 


2 


3 


#9 


4 


#67 


2 


3 


#6 


4 


#68 


2 


3 


#24 


4 


#68 


2 


4 


#28 


4 


#69 


2 


4 


#7 


4 


#70 


2 


4 


#42 


4 


#71 


2 


4 


#51 


4 


#72 


2 


4 


#50 


4 


#73 


2 


4 


#58 


5 


#28 


2 


4 


#14 


5 


#30 


2 


4 


#8 


5 


#31 


2 


4 


#9 


5 


#32 


2 


4 


#11 


5 


#33 


2 


4 


#5 


5 


#34 


2 


4 


#7 


5 


#35 


3 


3 


#2 


5 


#36 


2 


4 


#1 


5 


#37 


2 


4 


#13 


5 


#38 


3 


3 


#36 


6 


#6 


2 


4 


F(4) 


6 


#12 


2 


4 


#1 


6 


#14 


3 


4 


#21 


6 


#15 


3 


4 


#26 
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A. Dynkin diagrams of the hyperbolic superalgebras 

Rank 3 hyperbolic superalgebras (87 diagrams) 

#1 c^o^# #2 cb|o^# #3 o — o=m 

#4 c^sy^m #5 c^^y^m #e c^=o=m 

#10 c^>=# #11 c^>=# #12 c^^=# 

#13 q^z o^ i #14 o^^i #15 o — 

#i6 c^ c^» #17 04 0=^ #i8 c^^^i 

#19 q=^o^» #20 nE^=n=iEm #21 c^=c^# 

#22 Q #~tD #23 q^ #^ o #24 q > # ,( ( 3 

#25 O m O #26 O # < O #27 # # # 



#28 #=^^=# #29 #=0^ #30 #=^^Si 

#31 ^^T^» #32 # # Q #33 # # <( O 

#34 m=^= r^m #35 # •X" n #36 ® — C^aO 

#37 — c^H3 # 38 ® — n^n #39 <g> — c^=0 

#40 (gt^o — o #41 (gt^O^O #42 (gt^O^O 

#43 (gt^CE^sO #44 (8t^c^3 #45 <$fa£ r^=n 

#46 (gt^Q^sO #47 (gt^C^O #48 6^ C^D 
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#49 6fr= ^-^n #50 6t± n^n #51 <gt^o=o 

#52 (gt^o — O #53 (gt^o^O #54 (gt^o^O 

#55 (g^o=0 #56 ® — c^=# #57 — C^ai 

#58 <g)z^O=« # 59 ®^O^C# #60 ®=^C^i 

#61 ®^zo=« #62 ®3^o^* # 63 6^= c^^m 
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Rank 4 hyperbolic superalgeb 


ras (73 diagrams) 




#1 


#2 


#3 


O L^v^^-* 




y \ / ✓ — \ \ /— ^ \ A. 


#4 


#5 


#6 


O L^v^ 1 / W 








#8 


#9 


o — O > • \ o 


O-^-O / * x Q 


O-4-O > • \ o 


#10 






• < O-^-O ;> ♦ 


O > • \ o > • 




#12 


#13 


#14 


O^^^j — (8) 


0^>^j — (8) 


O^^^j — (8) 


#15 


#16 




O L^v^ ® 


0^>^v^ ® 




#17 


#18 


#19 


(8) ^-^AJ / W 


<8) L^v^' ^ • 


® — O > # \ Q 


#20 


#21 


#22 


/— N X ^— N /— \ /<r>\ 

&=^j — u — 


— u — ® 


O L^^J 


#23 


#24 


#25 


\ * y V x r \ 


6?^V^ 

\ * y» v > ^ ' / s^s 


r^=^ — rs?) — n 

> — ' > * — ' x > > — ' 


#26 




#28 




Ce#30 — 0=^* 


Ce#30 — &^zz# 


<S> — C^O <8>— 





#29 



#30 



6 



#31 



#33 



6 



#32 



6 



6 



#34 



C^zO^O o — c^=o 



~7 

#35 



#36 



15 



#40 



#37 



#41 \y 



#45 



6 




#38 



#42 \ / 





#60 




#64 



0=^0 



■o 



#70 



6 — 6 




#39 



#43 \y 



\ ' #71 






#57 



#61 



o 



— o 

/"\ #72 



#44 /~\ 

o 

#48 \ / 



#3 

#52 





\ / #73 
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Rank 5 hyperbolic superalgebras (38 diagrams) 



#1 <g> — o^o — o — o # 2 o — a^o — o 
#3 ® — o^o — o — ® #4 o — 0=^=0— 



#5 ® — O^O — O^O #6 <g> — o^o — o^o 
#7 o — o^o — ®=£o # 8 o — O^O — ®=K) 



#9 o — o^o 



#10 o — a^o — 



<^4o — o$=m o — o^o — 



#13 ® — o — a^o — o 



#14 

o 



"7 

#17 



#20 



#25 



6 



O — Q=> 



o 



O — O — O- 

#22 

o 



6 



#23 



V 

#26 



#15 



#18 

o 

•=£o — o— 

#21 

o 

— o — o— 



o 

o — 0^=0 o^o — o 



6 



#16 



#19 



#24 



#27 



o — o — 



6 



£o — a=> 



6 



o — o^o 



o 

o^o — o- 



6 



17 
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Rank 6 hyperbolic superalgebras (15 diagrams) 

#1 #2 

— o — o — c^o — o 



^ CX _Q Q Cr ^ D Q 



#3 #4 

— o — o^o — o — o — o4o — o 



#5 



o — o — o — o 



#7 



#9 



#13 



6 

O — Q — O^O 



6 

-o — o — o 



6 



=#o — o — o#o 

#11 

o 

— o — o — o=^* 



6 




#6 



o — o — o- 



#8 



#12 



6 

O — Q — C^O 



6 

— o — c^o 

#10 

o 

-^-o — o — (y^=m 

o 
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B. Simple root systems 



We describe in this section the simple root systems corresponding to the Dynkin diagrams of Ap- 
pendix A (as usual, the parametrization is not unique). We give below the conventions used to 
describe the simple root systems depending on the topology of the considered Dynkin diagrams. In 
any case, the simple roots are written in terms of orthogonal vectors £ j, 5i, if 4 " and if" such that 
(ei,ej) = 1, (Si,8j) = —1, (if + ,if~) = 1 and all other scalar products are zero. It is also convenient 
to introduce 5 = Si + 5 2 + 5 3 which satisfies (5, 5) = —3 and (5, £;) = (5, if + ) = (5, if-) = 0. 



Rank 3 hyperbolic superalgebras 

Conventions for the simple root systems A = {ai, a 2 , a 3 }: 



Oil 



a 2 
-•- 



0:3 
- • 



• «3 



«2 •' 



#1 : A = { 2e 1 - £ 2 - £ 3 - K~, e 2 - £l , 2K+ + e l } 
#2: A° = {l(2e 1 -e 2 -e 3 )-K-, e 2 - e u §if+ + £l } 
#3 : A = { -i( £l + £ 2 + £ 3 + £4) - if", £i, -£i + §if + } 
#4 : A = { -2ei + 2£ 2 - if~, £l - £ 2 , 2if+ + £ 2 } 

#5 : A = { -§(£! - £ 2 ) - £l - £ 2 , |if + + £ 2 } 

#6 : A = { - £l - if", £l , - £l + if+ } 

#7: A° = {-£ 1+ £ 2 -if-, £l , -£x + if+} 

#8 : A = { !(-£! + £ 2 ) - if", £1, - £l + \K+ } 

#9 : A = { -2ei - if", £l , - £l + 2if+ } 

#10 : A = { -|(3ei + £ 2 + £3 + £4) - §if~, £i, -£i + if + } 

#11 : A = { -I(3e! + £ 2 + £3 + £4) - §if~, £i, -£i + K+ } 

#12 : A = { -i £l - K-, £l , - £l + ±if + } 

#13 : A = { 2ei - 2£ 2 - if", 2£ 2 , 2if+ - £ 2 } 

#14 : A = { £1 - £ 2 - K~, 2£ 2 , if+ - £ 2 } 

#15 : A = { e 1 + £ 2 + £ 3 + £ 4 - if" -2ei, if+ + £1 } 

#16 : A = { 2 £l - £ 2 - £3 - K~, £ 2 - £l , §if + + i( £l - £ 2 ) } 

#17 : A = { |(2 £l - £ 2 - £ 3 ) - K~, £ 2 - £1, \K + + ±( £l - e 2 ) } 

#18 : A = { 2ei - A"", -2 £l , 2if+ + £l } 

#19 : A = { -4ei - if - , 2 £l , - £l + 4if+ } 

#20 : A = { -£1 - if", 2ei, if + - £1 } 

#21 : A = { -£1 + £ 2 - if", £1 - £ 2 , if + + £ 2 } 

#22 : A = { -£1 - 2if", £l , -2ei + if+ } 
#23 : A = { £ X - £ 2 - 2if", £ 2 , if+ - 2£ 2 } 
#24 : A = { -2ei - 2if~, £l , 2if+ - 2 £l } 
#25 : A = { -£1 - if", £l , - £l + if+ } 

#26 : A = { -£1 - if", £ b -£! + £ 2 + if + } 

#27 : A = { -£1 - if", £l , - £l + if+ } 

#28 : A = { -£1 - if", £!, - £l + if+ } 

#29 : A = { -£1 - |if", £l , -i( £l - £ 2 ) + if+ } 

#30 : A = { -£1 - |if", £l , -i £l + if + } 
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l/f)1 

#31 


A 

A u 


— 


{ -£i 


-X 


2 £l , if + - £l } 


#32 


A 

A u 






— if 


-, £l , - £l +if+ } 


// o o 

#33 


A 

A u 


— 




-if 


£1, -£1 +£ 2 + K+ } 

C~, e x - £ 2 , -§(£1 - £ 2 ) + K + } 


/ / O A 

#34 


a n 


= 


{ -£i 


- ±i 

2^ 


lion 

#35 


A 

A 




r 

{ -£i 


-2if", e ± , -2 £l + K+ } 


Hon 

#36 


A 

A u 




{ 5i - 


£2 ~ 


K , £ 2 - £1, + g(2£i - £ 2 - £3) } 


/ / O T 

#37 


A 

A u 


— 


{ h - 


£1 - 


A , £1 - £ 2 , -2(^1 - £2) + 2-n- 1 


/ / o o 

#38 


a n 
A u 


— 


{ h - 


£l - 


if , £1 - £ 2 , -2£i + 2£ 2 + 2K + } 


//on 

#39 


A 

A u 




{ 5i - 


£1 - 


A , £l - £ 2 , -£1 + £ 2 + K + \ 


ll An 

#40 


A 






r 

0\ - 


A , -£1, 2(^1 +^2 +^3 +£4) + 2^ I 


#41 


A 

A 




r 


di - 


r^— 1 / - \ 1 1 1 
A , -Sj, 5 (£! - £ 2 ) + } 

A , -£1, £1 - £ 2 + A + } 


#42 


A 




{ £l - 


r 

01 - 


/ / A O 

#43 


a n 
A u 


— 


{ 5i - 


£1 - 


— 1 1 1 / 1 1 \ 1 1 ts '4- 1 
A , £1, -i£i + i(£ 2 + £3 + £4) + ^A + } 


/ / A A 

#44 


a n 
A u 


— 


{ 5i - 


£1 - 


if , £1, -|£i + i(£ 2 + £3 + £4) + | ^ + } 


// ,4 r 

#45 


A 

A 




r 

I £i - 


Si - 


4if , -2£i, 4£i + if + } 


ll a n 

#46 


A 

A 




{ 5i - 


£1 - 


if , 2£i, -£1 + |(£ 2 + £3 + £4) + if } 


1 1 A 'T 

#47 


A 

A 




{ 5i - 


si - 


— O 1 1 1 1 O 7V-I- T 

if , £1, -3£i + £ 2 + £3 + £4 + 3if + } 


#48 


A 

A 




r 

{ £i - 


di - 


j ' — 1 ts '4- 1 

A , -2£i, £1 + A + } 


1 1 A n 

#49 


A 

A u 


— 


f 

{ei - 


61 - 


1 r/- 1 1 T 

2 AT , -£1, 2^1 + ^ I 


// r n 

#50 


A 

A u 






di - 


2if", -£i, 2£i+if+ } 


// r 1 

#51 


A 

A u 




r 

{ £ i - 


£2 - 


^1 + ^2 - 2A , -£1 + £ 2 , £1 - £ 2 + A. j 


// r o 

#52 


A 

A u 






<Ji - 


TS — O 1 1 1 1 TS A- 1 

if , -2e ± , £1 + £ 2 + £3 + £4 + } 


//CO 

#53 


A 

A 




r 

I ^1 - 


61 - 


TS — O 1 TSA- 1 

if , -2£i, £1 - £ 2 + if + } 


// r ,4 

#54 


A 

A u 




r 

{ei - 


61 - 


O TS — OO O 1 TS-V- \ 

2K , -2£i, 2£i - 2£ 2 + A + } 


//rr 

#55 


A 

A 




r 


81- 


O TS — O O 1 TSA- 1 

2if , -2£i, 2£i + if + } 


// r 

#56 


A 

A 






£1 - 


TS — 1 1 TSA- 1 

if , £l - £ 2 , -£1 + £ 2 + if + } 


/ / r t 

#57 


A 

A u 




{ 5i - 


£1 - 


|if-, £1 - £ 2 , -\{£i - £2) + K+ } 


/ / r o 

#58 


A 

A u 




r 

{ei - 


61- 


if", £!+if + } 


// r n 

#59 


A 

A u 




r 

{ei - 


61- 


K-, -£1, - £ 2 ) + |if + } 
\K~, Si, |£i + if + } 


1 1 nr\ 

#60 


A 

A u 


— 


{ei- 


61 - 


/ / 1 

#61 


A 

A u 


— — 


{ei- 


61- 


2if", -2ei, 2ei + if + } 


#62 


a n 
A u 


— — 


{ei- 


61- 


if", -2ei, £1 -£ 2 + if+ } 


/ / /"» o 

#63 


A 

A u 


— 


{ei- 


61- 


if", -2ei, £x-£ 2 + if + } 


ll n a 

#64 


A 

A u 




{ -£i + ^2 


- 3if~, -£1 + £ 2 + if + , £1 - £2 } 


ll nr 

#65 


A 

A u 




{ £i + ^2 - 


3if-, £1 +£ 2 + if + , -£1 } 


linn 

#66 


A 

A u 


— 


{-25 


i-SK-, -2ei + 2K+, £l } 


#67 


A 

A u 


— 


{ei ~ 


e 2 - 


2if", -£ 2 + if+, £2 } 


linn 

#68 


A 

A u 


— 


{-25 


2-2K-, e 1 -e 2 + 2K+, e 2 } 


1 1 nr\ 

#69 


A 

A 




{ei - 


£2 - 


2if", £ X -£ 2 + 2if+, -£1 +£ 2 } 


// 

#70 


A 

A 




{ei- 


£2 - 


2K~, £!-£2 + 2if+, - £l } 


#71 


A 

A 




{ei- 


£2 - 


2K-, £l -e 2 + 2K+, -|(£!-£ 2 ) } 


// TO 

#72 


A 

A u 




{ei- 


2K~ 


, £l + if+, -£x } 


#73 


A 

A 




{ £i, " 


-ei - 


- 2K~, £ 2 - £1 + if+ } 


#74 


A 




{ £i, " 


-£l - 


- 2if~, -2ei + 2if + } 


#75 


A 




{ei- 


2if" 


, £i + if+, -£1 } 


#76 


A 




{ei- 


£2 - 


if-, £1 +£ 2 + if + , <Ji -£1 } 


#77 


A 




{2£i- 


-3K 


2£! + 2if+, 81 -Si} 
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-LL1Q 

#78 


AO 

A = 


r _ 

( £ 1 - 


2-K , 5i + A + , d 1 - £i } 


#79 


A 


r _ 


5 2 - 2A , 5i - 5 2 + 2A^, Oi - £i } 


// on 

#80 


A 


{ 2£i - 


- 4A , 25i + 2A , di — £i ) 


//oi 

#81 


A 

A = 


r 


2A , £i + K^, 0i - £i ) 


#82 


A 

A = 


r 


Oi - 2A , £i - £ 2 + A + , -£i | 


II on 
#8d 


AO 

A = 


{ei- 


5i-2A-, 5i-5 2 + ir+, -25i } 


#84 


A = 




-2K-, £i + 2K + , 5i-5i } 


#85 


A° = 


{ei- 


<Jl + if", £i - 5i + A~+, -5i } 


#86 


A° = 


{ei- 


<Si + A-, £i - 5 1 + tf+ -25i } 


#87 


A° = 


{ £i + <Ji - if", 5i + 5i + K + , -5i } 



Rank 4 hyperbolic superalgebras 

Conventions for the simple root systems A = {a±, ct 2 , a 3 , a^}: 



«i 
• - 



« 2 
-•- 



«3 



0:4 
-• 



«3 



0:4 
-• 





• 


#1 


A° = 


#2 


A° = 


#3 


A° = 


#4 


A° = 


#5 


A = 


#6 


A° = 


#7 


A° = 


#8 


A° = 


#9 


A° = 


#10 


: A° = 


#11 


: A° = 


#12 


: A° = 


#13 


: A° = 


#14 


: A° = 


#15 


: A° = 


#16 


: A = 


#17 


: A° = 


#18 


: A = 


#19 


: A = 


#20 


: A° = 


#21 


: A = 


#22 


: A° = 


#23 


: A = 



Ct2 




Oil 



«2 •' 



s "3 
• - 



«4 
-• 



"3 • 



• «4 



{ 5i + 5 2 + 5 3 + 5 4 - K~, -2ei, £1 - e 2 , K + + 5 2 } 

{ 25i + 25 2 - K~, -25i, £1 - £ 2 , 2K+ + 5 2 } 

{ £1 + £ 2 - K~, -25i, £1 - 5 2 , K + + 5 2 } 

{ \{£l + £2 + £3 + £4) - A'", -5i, £1 - 5 2 , |a~+ + 5 2 } 

{ £l + £2 - K~, -5i, £1 - £ 2 , K + + 5 2 } 

{ |(£l + £2) - K~, -£1, £1 - 5 2 , §A~+ + 5 2 } 

{ £l - £2 - A' - , 5 2 - 5 3 , 5 3 , K + - 5 2 - 5 3 } 

{ -25i - K~, £1 - 5 2 , 5 2 , 2fT + - £1 - £ 2 } 

{ -£1 - K~, £1 - 5 2 , 5 2 , - 5i - 5 2 } 

= { £l + £2 - -2£i, £1 - £ 2 , K + + 5 2 } 

= { £l + £2 - A'", -5i, £1 - £ 2 , K + + 5 2 } 

= { -25i - 25 2 - A-, 25 2 , 5i - 5 2 , (Jx - £1 + 2K+ } 

~- { -£1 - £2 - 25 2 , £1 - £ 2 , <Jj - £1 + K + } 

= {-€!- e 2 - K~, 5 2 , £1 - 5 2 , A~+ + Si ~ £1 } 

= { + £2 + £3 + £4) + A'", £ 2 , 5i - £ 2 , \K + + 5 2 - 5i } 

= { \{Si + £ 2 ) - K~, -5i, £1 - £ 2 , \K + + 5 2 - Si } 

= {6 1 -e 1 - K~, £1 - 5 2 , 5 2 , -|(ei + £2) + \K + } 

~- { Si - £1 - A~ - , £1 - 5 2 , 25 2 , -5i - 5 2 + K + } 

= { <Ji - £1 - K~, £1 - 5 2 , 5 2 , - 5i - 5 2 } 

= { 25 3 - 5i - 5 2 - K~, 5 2 - 5 3 , £1 - £ 2 , K + - 5i + Si } 

~- { |(2£ 3 - £1 - £ 2 ) - K~, 5 2 - 5 3 , £1 - 5 2 , §A~+ - £1 + Si } 

-- { 2e 3 - £1 - £ 2 - K~, 25 2 - £1 - £ 3 - K~, £1 - £ 2 , Si - £1 + K + } 
-- { 25 2 - 5i - 5 3 - K~, £1 - £ 2 , Si-£i + K + , -2Si } 
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A = { 2e 2 - ei - £ 3 - K~, £1 - e 2 , S 1 -e 1 + K+, -Si } 

A = { 2e 2 - e 1 - e 3 - K~, e 1 - e 2 , 5 1 -s 1 + K+, 5 2 - 6 1 } 

A = { i(2£ 3 - e x - e 2 ) - K~ , e 2 - e 3 , e l - e 2 , \K + - e l } 

A = { 2e 3 -e 1 -e 2 - K~, £ 2 - £ 3 , £1 - £2, K + - £1 } 

A = { 2£ 2 - e 1 - £ 3 - K~, e 1 - e 2 , 5 1 -e 1 + K+, -Si } 

A = { S 1 - £ 2 - £2 - e 3 , 2e 3 , K + + £l -e 2 } 

A° = {5 1 -e 2 - K~, £ 2 - £3, £3, K + + £! - £ 2 } 

A = { -2£ 2 - K~, £ 2 - £3, £3, 2K+ + £1 - £ 2 } 

A = { -£ 2 - K~, £ 2 - £3, £3, K+ + £l - £ 2 } 

A = { -£1 - K~, £1 - £ 2 , £ 2 , K+ + 5 1 -e 1 } 

A = { -2e l - K~, £1 - £ 2 , 2£ 2 , 2K+ + 5 ± - e 1 } 

A = { -2ei - £! - £ 2 , £ 2 , 2K+ + 5i - £1 } 

A = { £1 - £ 2 , £ 2 - £ 3 , 2£ 3 - e x - £2 - K~, 2K+ + e 3 -5 1 } 

A = { £1 - £ 2 - £ 2 - £ 3 , £3, ^ + + 5i - £2 } 

A = { -2e x - K~, £! - £ 2 , £ 2 , 2K+ + S 1 -e 1 } 

A = {-£!- K~, £l - £ 2 , £ 2 , K+ + 5i - £l } 

A = {-ei- £1 - £ 2 , £ 2 , iT+ + 5i - £1 } 

A° = {- £l - £! - £ 2 , £ 2 , K+ - £! } 

A = { -2ei - K~, £1 - £ 2 , 2£ 2 , 2K+ - e x } 

A = { -2s, -K~, £l - £ 2 , £ 2 , 2K+ - £l } 

A° = {e 1 -e 2 - K~, e 2 , -e x - e 2 , 2K+ + e x - e 2 } 

A = { -£ 2 - K-, £ 2 - £ 3 , £ 3 , K+ + £l - £ 2 } 

A = {-£i- 2X-, £! - £ 2 , £ 2 , - 2£i } 

A = {-£i- £1 - £ 2 , £ 2 , K + - £1 } 

A = { -£1 - if", £1 - £ 2 , £ 2 , K + - £l } 

A = { S 1 - £1, £1 + £ 2 - K~, £1 - £ 2 , £ 2 - £3 + K + } 

A = { 6 1 - £1, £1 + £ 2 - K~, £1 - £ 2 , £ 2 + K+ } 

A = { 5i - £1, £1 + £ 2 - 2K-, £l - £ 2 , 2£ 2 + K+ } 

A = { Si - ei, £1 + £ 2 - K~, ei - e 2 , 2e 2 - £1 - £ 3 + K + } 

A = { Si - £1, £1 + £ 2 - K~, ei - £ 2 , £ 2 + K + } 

A = { Si - Ei - K~, Ei - £ 2 , £1 + £ 2 , £3 - £4 + K + } 

A = { Si - Ei - if" 5 2 - Ei + X+, £l - £ 2 , £ 2 - £3 } 

A = { Si - Ei - K~, S 2 -Ei + K+, Ei - £ 2 , 2£ 2 } 

A = { Si - Ei - K~, S 2 -Ei + K+, Ei - £ 2 , £ 2 } 

A = { Si - ei - K~, -6 2 + £2 - 2K~, Ei - £ 2 , K+ + 2£ 2 - £1 - £3 } 
A = { Si - Ei, e 2 -Si- K~, Ei - e 2 , K + + e 2 - £3 } 
A = { Si - Ei, £2 -Si- 2K~, ei - e 2 , K+ + 2e 2 } 

A° = {Si- Ei, E 2 -Si- K~, Ei - E 2 , K+ + E 2 } 

A° = {S 1 -e 2 - K~, £ 3 - Si - 2K~, £ 2 - £3, K + + 2£ 3 - £1 - £ 2 } 

A = { Ei - E 2 , £3 - £1 - K~, £ 2 - £3, K + + £3 - Si } 

A = { £1 - £ 2 , £ 3 - £1 - K~, e 2 - £ 3 , K + + £ 3 } 

A = { Si - £ 2 - K-, -Si - £ 2 - K-, e 2 - £ 3 , K+ + 2£ 3 - £1 - £ 2 } 

A = { -2£i - K~, £1 - e 2 , £1 + £ 2 , 2K+ - £1 } 

A = {-£1- K~, Ei - £ 2 , £1 + E 2 , K+ -£1} 
A = {-£1- K~, £1 - £ 2 , Ei + £ 2 , K + - £1 } 
A = { Ei - E 2 - K~ , £ 2 - £3, £ 2 + £3, K + - £ 2 } 

A = { Si - Ei - K~, £1 - £ 2 , Ei + e 2 , K + - £1 + £ 3 } 
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#71: A° = {*!-£! -if" 6,-62, 6,+6 2 , K+ - 6 X } 

#72 : A° = {5 1 -6 1 - 2K-, e 1 - e 2 , £l + e 2 , tf+ - 2 £l } 
#73: A° = {<J 1 -e 1 -iir- £l - e 2 , £i + £ 2 , K+-6,} 

Rank 5 hyperbolic superalgebras 

Conventions for the simple root systems A = {a±, a 2 , as, a±, a$}: 

Oil 0i 2 0:3 0:4 OJ5 0L\ d 2 CK3 0:4 

• • • • • • • • • 



a 3 • a 5 

CKi 0l 2 / \ ^\«3 CK4 CK5 «! 

• • • «5 • • • • 



«4 

#1 : A = { - £1 - e 2 - £3) - K~, £ 3 , £ 2 - £3, 61 - £ 2 , + £4 - £1 } 

#2 : A = { i(e 4 - £1 - £ 2 - £3) - A" - , £3, £2 - £3, £1 - £2, - £i + <$i } 
#3 : A = { \{8 - £1 - £ 2 - £ 3 ) - if - , £ 3 ,js 2 - £3, £1 - £2, \K + + 5 4 - £1 } 
#4 : A = { ei - £ 2 - K-, 6 2 - e 3 , £3, 1(5 - £1 - £ 2 - £3), ^ + + £1 } 
#5 : A = { - £1 - £ 2 - £3) - K~, £ 3 , £ 2 - £3, £1 - £2, ^ + - 2ei } 
#6 : A = { ±(<5 - £1 - £ 2 - £3) - £3, £2 - £3, £1 - £2, \K + - £1 } 
#7 : A = { £1 + £ 2 + £3 + £4 - -2£i, £1 - £ 2 , K + + £ 2 - <5i, 2<Ji } 
#8 : A = { £1 + £ 2 + £3 + £4 - K~, -2ei, £1 - £ 2 , + £ 2 - ch, <Ji } 
#9 : A = { £x + £ 2 + £3 + £4 - -2ei, £1 - £ 2 , £ 2 - £3, ^ + + £3 } 
#10 : A = { i(e 4 - £4 - £ 2 - £3) - A" - , £3, £2 - £3, £1 - £2, \K + - £1 } 
#11 : A = { \(5 - £1 - £ 2 - £3) - K~, £ 3 , £ 2 - £3, £1 - £2, \K + - £4 } 
#12 : A = { £4 + £ 2 + £3 + £4 - K-, -26 U £1 - £ 2 , K + + £ 2 - 5i, £1 } 
#13 : A = { 6 1 - £1 - if" £1 - £ 2 , £2 - £3, 2£ 3 , K + - £1 - £ 2 - £3 - £4} 
#14 : A = { -£4 - K~, £4 - £ 2 , £ 2 - £3, £3, K + - £4 - £ 2 } 
#15 : A = { -£4 - K~, £4 - £ 2 , £ 2 - £3, 2£ 3 , K + - £1 - £ 2 } 
#16 : A = { £1 - £ 2 - K~, £ 2 - £3, £3 - £4, £4, K + - £ 2 - £3 } 
#17 : A = { -2 £l - K~, £4 - £ 2 , £ 2 - £3, £3, 2K+ - £4 - £ 2 } 
#18 : A = { -£4 - K', £4 - £ 2 , £ 2 - £3, £3, K + - £4 - £ 2 } 
#19 : A = { -£4 - K~, £4 - £ 2 , £ 2 - £3, £3, K + - £4 - £ 2 } 
#20 : A = { <5i - £1 - K~, £4 - £ 2 , £ 2 - £3, £3, K + - £4 - £ 2 } 
#21 : A = { -£1 - K~, £1 - £ 2 , £ 2 - £3, £3 - S u K+ - £1 - £ 2 } 
#22 : A = { £1 - £ 2 - K~, £ 2 - £3, £3 - £4, £4 - Si, K + - £ 2 - £3 } 
#23 : A = { £4 - £1 - K~, £1 - £ 2 , £ 2 - £3, £3 - S 2 , K + - £1 - £ 2 } 
#24 : A = { 6 1 - £1 - K~, £4 - £ 2 , £ 2 - £3, 2£ 3 , K+-6 1 -6 2 } 
#25 : A = { S 1 - £1 - K~, £4 - £ 2 , £ 2 - £3, £3, K + - £4 - £ 2 } 
#26 : A = { -2ei - if" £1 - £ 2 , £2 - £3, £3 - <h, 2K+ - £4 - £ 2 } 
#27 : A = { -£4 - £1 - £ 2 , £ 2 - £3, £3 - <h, K + -6 1 -6 2 } 
#28 : A = { £ 4 - 5i - K~, £ 3 - £ 4 , £ 2 - £3, K + + £ 4 - £4, £4 - £2 } 
#29 : A = { -£1 - £ 2 - K~, £ 2 - £3, £3 - <h, £1 - £2, K + + 6 1 - £1 } 
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#30 : A = { -2e 2 - K~, e l + e 2 , 8 l - e 1: -Si - e u 2K + + e 1 - e 2 } 

#31 : A = { -e 2 - £l + e 2 , ^ - £l , - £l , KT+ + £l - e 2 } 

#32 : A = { -e 2 - if", £l + e 2 , ^ - £l , - £l , K + + e 1 -e 2 } 

#33 : A = { e 4 - if", £3 - £4, £2 - £3, iT 1- + 5 4 - £1, £1 - £2 } 

#34 : A = { s 3 - e 2 - K~, £1 + e 2 , 5i - £1, -<$i - £1, K + + e 1 -e 2 } 

#35 : A = { - £2 - K~, e 2 - e 3 , e 3 - £ 4 , £ 3 + £ 4 , fT + + £1 - £ 2 } 

#36 : A = { 6 1 - ei - if" -<Ji - £1 - if" £1 - £2, 2 £2 , - £l - 5 2 - £3 - £4 + K+ } 

#37 : A = { ei - £2, K + - ei - £ 2 , £2 - £3, £3, \{$ ~ £1 - £2 - £3) - K- } 

#38 : A = { 81 - £ 2 - if - , £2 - £3, £3 - £4, £3 + £4, K + + ei - e 2 } 

Rank 6 hyperbolic superalgebras 

Conventions for the simple root systems A = {a±, a 2 , a 3 , ct 4 , 0:5, a^}: 



Cti 0:2 <^3 C*4 C*5 CK6 «1 OL 2 OL 3 a 4 a$ 

• • • • • • • • • • • 



«4 

Oi\ &2 OL 3 y^ 

• • • • «6 




#1 : A° = { -Ei +S 1 - \K~ Ei - £ 2 , £2 - £3, £3 - £4, £4, K + - \(ei + £ 2 + £3 + £4) } 

#2 : A = { Si - Ei - K~, Ei - e 2 , £ 2 - £3, £3 - £4, 2 £4 , K+ - ( £i + £ 2 + £3 + £4) } 

#3 : A = { -Ei - \K~, Ei - £ 2 , £ 2 - £3, £3 - £4, £4, K+ - \{ei + £ 2 + £3 + £4) } 

#4 : A = { -Ei - K~, Ei - £ 2 , £ 2 - £3, £3 - £4, 2£ 4 , K + - (ei + £ 2 + £3 + £4) } 

#5 : A = { Si - Ei - K~, £1 - £ 2 , £2 - £3, £3 - £4, £4 - £5, K + -E X - £ 2 } 

#6 : A = { |(5-£ 1 -£ 2 -£ 3 )-3X-, £3 + e 4 , 5 2 -£ 3 , £ 3 -£ 4 , \{S-e 1 -e 2 -£3) + \K + , e x 

#7 : A = { Si - Ei - K~, Ei - £ 2 , £ 2 - £3, £3 - £4, 2£ 4 , K+ -e 1 -e 2 } 

#8 : A = { Si - Ei - K~, Ei - £ 2 , £ 2 - £3, £3 - £4, £4, K + - Ei - £ 2 } 

#9 : A = { -Ei - K~, Ei - £ 2 , £2 - £3, £3 - £4, £4 - £5, K + - Ei - £ 2 } 

#10 : A = { -Ei - K~, Ei - £ 2 , £2 - £3, £3 - £4, £4, K + - Ei - £ 2 } 

#11 : A = { -Ei - K~, Ei - £ 2 , £2 - £3, £3 - £4, 2 £4 , K + - Ei - £ 2 } 

#12 : A = { -Ei - K~, Ei - £ 2 , £2 - £3, £3 - £4, £4, K + - Ei - £ 2 } 

#13 : A = { Si - Ei - K~, Ei - £ 2 , £2 - £3, £3 - £4, £4, K + - £1 - £ 2 } 

#14 : A = { Si - Ei - K~, Ei - £ 2 , £ 2 - £3, £3 - £4, £3 + £4, K + - Ei - £ 2 } 

#15 : A = { -Ei - K~, Ei - £ 2 , £ 2 - £3, £3 - £4, £3 + £4, K + - Ei - £ 2 } 
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C. Subalgebras of the hyperbolic KM superalgebras 



Rank 3 hyperbolic superalgebras 



#1 : 
#3: 
#5: 
#7: 
#9: 

#11 
#13 

#15 
#17 
#19 
#21 
#23 
#25 
#27 
#29 
#31 
#33 
#35 
#37 
#39 
#41 
#43 
#45 
#47 
#49 
#51 
#53 
#55 
#57 
#59 
#61 
#63 
#65 
#67 
#69 
#71 
#73 
#75 
#77 
#79 
#81 
#83 
#85 
#87 



G 2 , osp(l|2)©sZ(2), osp(l|4) #2: 

s/(l|3)( 4 ), osp(l|2) © sZ(2), sl(3) #4 : 

osp(l\4), osp{\\2) © sZ(2), s/(3)( 2 ) #6 : 

s/(l|3)( 4 ), osp(l\2) © sl(2), sp(4) #8 : 

s/(l|3)( 4 ), osp(l\2) © sl{2), sl(3)W #10 

sZ(l|3)( 4 \ osp(l\2)®sl(2), G 2 #12 

osp(l|2)W, osp(l|2) © sZ(2), sp(4) #14 

osp(l|2)W, osp(l|2) © sZ(2), sZ(3) #16 

osp(l|2)W, osp(l|2) © sZ(2), G 2 #18 

osp(l|2)«, osp(l|2) © sZ(2), s/(3)( 2 ) #20 

osp(l|4), osp(l\2) © sZ(2), sZ(2)W #22 

osp(l|2)( 1 ), 2sZ(2), osp(l|4) #24 

sl(l\3)^,2sl(2) #26 

osp(2|2)( 2 ), 2osp(l|2) #28 

osp(l|4), 2osp(l|2), s/(l|3)W #30 

osp(l|2)W, 2osp{l\2) #32 

osp(l|4), osp(l|2) © sZ(2), osp(2|2)( 2 ) #34 
osp(l|2)W, osp(l|2) © sZ(2), osp(2|2)( 2 ) #36 

sZ(3)( 2 ), sZ(l|l)©sZ(2), sZ(l|2) #38 

sZ(2)W, sZ(l|l)©sZ(2), sZ(l|2) #40 

sp(4), sZ(ljl) © sZ(2), osp(3\2) #42 

G 2 , sZ(l|l)©sZ(2), osp{3\2) #44 

s/(3)( 2 ), sZ(ljl) © sl(2), osp(2\2) #46 

G 2 , sZ(l|l)©sZ(2), osp{2\2) #48 

s/(3)( 2 ), sZ(l|l) © sZ(2), osp{3\2) #50 

sZ(2)W, sZ(ljl) © sZ(2), osp(3\2) #52 

so(5), s/(l|l) © sZ(2), osp(2|2) #54 

sZ(2)W, sZ(l|l) © sZ(2), osp(2|2) #56 

osp(l|2)W, sZ(l|l) © osp(l|2), sZ(l|2) #58 

osp(l|4), osp(l|2) © sZ(l|l), osp(3\2) #60 

s/(l|3)( 4 \ sZ(l)l) © osp{l\2), osp{2\2) #62 
osp(l|2)W, osp(l|2) © sZ(l|l), osp(2\2) #64 

osp(l|4), sZ(3) #66 

osp(l|4), sp(4), s/(l|3)( 4 ) #68 

s/(l|3)( 4 \ s/(2)( 1 ) #70 

osp(l|2)W, sZ(2)W #72 

osp(2|2)( 2 ), osp(l|4) #74 

osp(2|2)( 2 ) #76 

osp(2|2), sZ(3) #78 

sZ(l|2), sZ(2)W #80 

osp(3|2), sZ(2)W #82 

sp(4), sZ(l|2), osp(2|2) #84 

osp(3|2), sZ(l]2) #86 
osp(3|2), sZ(l|2) 



G 2 , osp(l|2)©sZ(2), osp(l|4) 
osp(l|4), osp(l|2) © sZ(2), s/(3)( 2 ) 
sZ(l|3)( 4 \ osp(l\2)®sl{2), sZ(2)( 1 ) 
s/(l|3)( 4 \ osp(l|2)©sZ(2), sp(4) 
s/(l|3)( 4 ), osp(l|2)©sZ(2), G 2 
s/(l|3)( 4 ), osp(l|2)©sZ(2), s/(3)( 2 ) 
osp{\\2)^\ osp(l|2) © sZ(2), sp(A) 
ospll^W, osp(l|2)©sZ(2), G 2 
osp(l\2)W, osp(l\2) © sZ(2), sZ(2)W 
osp(l|2)W, osp(l|2) © sZ(2), s/(3)( 2 ) 
osp(l|2)W, 2sZ(2), sZ(l|3)W 
osp(l|2)( 1 ), 2s/(2) 
s/(l|3)( 4 ), 2sZ(2), osp(l|4) 
s/(l|3)( 4 ), 2osp(l|2) 
osp(l|2)W, 2osp(l|2), s/(l|3)( 4 ) 
s/(l|3)( 4 ), osp(l|2) © sZ(2), osp(2|2)( 2 ) 
osp(l\2)^, 2osp(l|2), osp(l|4) 
G 2 , sZ(ljl) © sZ(2), sZ(l|2) 
sZ(3)( 2 \ sZ(l|l)©sZ(2), sZ(l|2) 
sZ(3), sZ(l|l)©sZ(2), osp(3\2) 
sp(A), sZ(l|l)©sZ(2), osp(3\2) 
G 2 , s/(l|l) ©s/(2), osp{3\2) 
G 2 , sZ(ljl) © sZ(2), osp{2\2) 
sl{3Y 2 \ sZ(l|l) ©sZ(2), osp(2|2) 
s/(3)( 2 ), s/(l|l)©s/(2), osp(3|2) 
sZ(3), sZ(l|l)©sZ(2), osp{2\2) 
sp(4), sZ(l|l)©sZ(2), osp(2|2) 
s/(l|3)( 4 ), sZ(l|l)©osp(l|2), sZ(l|2) 
s/(l|3)( 4 ), sZ(ljl) © osp(l\2), osp(3\2) 
osp(l|2)( 1 ), osp(l|2) © sZ(l|l), osp(3\2) 
osp(l|4), osp(l\2) © sZ(ljl), osp{2\2) 
s/(l|3)( 4 ), sZ(3) 
osp{l\2) l \ sl(3) 
osp(l]4), osp(l|2)W, sp(4) 
osp(l|4), sZ(2)W 
osp(2|2)( 2 ), s/(l|3)( 4 ) 
osp(2|2)( 2 ), osp(l|2)W 
sZ(l|2), sZ(3) 
osp(3|2), sZ(3) 
osp(2|2), sZ(2)W 
so(5), sZ(l|2), osp(3|2) 
s/(3)( 2 \ osp(3|2), osp(2|2) 
osp(2|2), sZ(l|2) 
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Rank 4 hyperbolic superalgebras 

#1 : osp(l|4)«, sZ(2)©osp(l|4), sZ(3) © osp(l\2), so(7) 

#2 : osp(l|4)«, sZ(2) © osp(l|4), so(5) © osp(l|2), s/(5) (2) 

#3 : osp(l|4)W, sZ(2) © osp(l|4), sp(4) © osp(l\2), sZ(4)( 2 ) 

#4 : s/(l|5) (4) , sZ(2) ©osp(l|4), sZ(3) © osp(l|2), sp(6) 

#5 : sZ(l|5)( 4 ), sZ(2) ©osp(l|4), sp(4) © osp(l|2), sp(4)« 

#6 : sZ(l|5)( 4 ), sZ(2) ©osp(l|4), sp(4) © osp(l|2), sZ(5)( 2 ) 

#7 : sZ(l|4)( 2 ), sZ(2) © osp(l|4), sZ(3) © sZ(2), osp(l|6) 

#8 : sZ(l|4)( 2 ), sZ(2) © osp(l|4), sp(A) © sZ(2), osp(l|4)W 

#9 : sZ(l|4)( 2 ), sZ(2) © osp(l|4), sp(A) © sZ(2), sZ(l|5)( 4 ) 

#10 : osp(l|4)W, osp(l|2)©osp(l|4), sZ(l|5)W 

#11 : osp(2|4)( 2 ), sZ(2) © osp(l|4), osp(l|4) © osp(l\2), sZ(4|4)^ 2 > 

#12 : osp(2|4), sZ(2) © sZ(l|2), sp(4) © sZ(ljl), sZ(5)( 2 ) 

#13 : osp(2|4), sl(2) © s/(l|2), so(5) © sZ(l|l), sZ(4)( 2 ) 

#14 : osp(5|2), sZ(2) © sZ(l|2), sp(4) © sZ(ljl), sp(4)« 

#15 : osp(5\2), sZ(2) © sZ(l|2), sZ(3) © sZ(l|l), sp(6) 

#16 : osp(5\2), sl(2) © sZ(l|2), sp(4) © sZ(ljl), s/(5)( 2 > 

#17 : osp(l|4)W, sZ(l|l) © osp(l|4), sZ(l|2) © osp(l|2), osp{5\2) 

#18 : s/(l|5)W, sZ(l|l) © osp(l|4), sZ(l|2) © osp(l|2), osp(2|4) 

#19 : sZ(l|4)( 2 ), sZ(l|l) © osp(l|4), sZ(l|2) © sZ(2), osp(3\A) 

#20 : sZ(l|3), sl(2) © sZ(l|2), G 2 © sZ(l|l), Jjf 

#21 : sZ(l|3), sZ(2) © sZ(l|2), G 2 © sZ(ljl), G { 2 ] 

#22 : G(3), sZ(2) © sZ(l|2), sZ(3) © sZ(l|l), G { 2 ] 

#23 : osp(4|2), sZ(2) © osp(2\2), G 2 © sZ(2), G(3) 

#24 : osp(3|4), sZ(2) © osp(3|2), G 2 © sZ(2), G(3) 

#25 : sZ(2|2), sZ(2) © sZ(l|2), G 2 © sZ(2), G(3) 

#26 : osp(l\6), sl(2) © osp(l|4), G 2 © osp(l|2), Gf } 

#27 : osp(l|6), sZ(2) © osp(l\A), G 2 © osp(l\2), Df 

#28 : osp(5\2), sl(2) © osp(3|2), G 2 © osp(l|2), G(3) 

#29 : sp(6), sZ(l|l)©2sZ(2), sZ(l|3), osp{2\A) 

#30 : so(7), sZ(l|l)©2sZ(2), s/(l|3), osp(5|2) 

#31 : osp(l|6), osp(l|2) ©2sZ(2), sp(6), osp(l|4)« 

#32 : osp(l|6), osp(l|2) ©2sZ(2), so(7), sZ(l|5)^ 

#33 : osp(5|2), sZ(l|l) © 2 sZ(2), sZ(4)( 2 ) 

#34 : osp(2|4), sZ(ljl) © 2 sZ(2), sp(4)« 

#35 : osp(2|4), sZ(ljl) © 2 sZ(2), osp(5|2), s/(5)( 2 ) 

#36 : G(3), sZ(l|l)©2sZ(2), sZ(l|3), L>f 

#37 : osp(3|4), osp(l|2) © sZ(l|l) © sZ(2), sZ(l|3), osp(l|6) 

#38 : osp(3|4), osp(l|2) © sZ(l|l) © sZ(2), osp(2|4), osp{l\A)^ 

#39 : osp(3|4), osp{\\2) © sZ(ljl) © sZ(2), osp(5|2), sZ(4|5)^ 

#40 : osp(3|4), 2 osp(l|2) © sZ(ljl), osp(2|4)( 2 ) 

#41 : s/(l|5)( 2 ), osp{\\2) ©2sZ(2), s/(4)( 2 ) 

#42 : osp(l|4)W, osp(l|2) © 2 sZ(2), sp(4)W 

#43 : osp(l|4)W, osp(l|2) © 2 sZ(2), sZ(l|5)W, s/(5)( 2 ) 

#44 : s/(l|4)( 2 ), 3s/(2) 

#45 : osp(l|6), 2osp{l\2) ©sZ(2), s/(l|5)W 
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#46 
#47 
#48 
#49 
#50 
#51 
#52 
#53 
#54 
#55 
#57 
#59 
#61 
#63 
#65 
#67 
#69 
#71 
#73 



osp(l|4)( 1 ), 2osp(l|2) © sl(2), s/(l|5)( 4 ) 
osp(2\AY 2 \ 2osp(l|2)©sZ(2), s/(l|5)W 
s/(l|5)W, 3osp(l|2) 

s/(l|3), sZ(2) © sZ(3), sZ(l|2) © sZ(2), osp(4|2) 
osp(5|2), sZ(2) © so(5), sZ(l|2) © sZ(2), osp(4|2) 
osp(2|4), sZ(2) © sp(4), sZ(l|2) © sZ(2), osp{4\2) 
G(3), sZ(2) © G 2 , sZ(l|2) © sZ(2), osp(4|2) 
osp(3|4), sZ(2) © osp(l|4), sZ(l|2) © osp(l\2), osp(4\2) 
osp(4|2), 3s/(2) 

sZ(l|3), sZ(2) ©2s/(l|l), s/(2|2) #56 
osp(5|2), sZ(2)©2sZ(l|l), sZ(2|2) #58 
sZ(lj2)< 1 ), sZ(l|2)©sZ(2), sZ(l|3) #60 
sZ(l|2)W, sZ(l|2) © sZ(2), osp(5\2) #62 
sZ(3)W, sZ(3) © sZ(l|l), sZ(l|3) #64 
osp(2\A), osp{2\2) © sZ(2), G(3) #66 
s/(l|4)( 2 ), s/(l|5)W, sp(4)« #68 
s/(l|4)( 2 ), osp(l\6), sZ(4) #70 
sp(4)W, osp(5|2), osp(4|2) #72 
sZ(l|4)( 2 ), sZ(2|2), osp(3|4) 



osp(2|4), sZ(2) ©2sZ(l|l), sZ(2|2) 
G(3), sZ(2)©2sZ(l|l), s/(2|2) 
s/(l|2)( 1 ), sZ(l|2)©sZ(2), osp{2\A) 
sZ(l|2)W, s/(l|2)©s/(2), G(3) 
sZ(3)W, sZ(3) ©osp(l|2), osp(l|6) 
s/(l|4)( 2 ), osp(l|4)( 1 ), s/(4)( 2 ) 
s/(l|4)( 2 ), osp(2|4)( 2 ) 
sZ(4), sZ(l|3), sZ(2|2) 
s/(4)( 2 \ osp(2|4), osp(A\2) 



Rank 5 hyperbolic superalgebras 

#1 : so(9), sZ(4) © sZ(l|l), sZ(3) © sZ(l|2), osp(2\4) © sZ(2), F(4) 

#2 : osp{7\2), sl{2) © sZ(l|3), sZ(3) © sZ(l|2), sp(6) © sZ(ljl), F A 

#3 : osp(7|2), s/(l|3) ©s/(l|l), 2s/(l|2), osp(2\A) © sZ(l|l), F(4) 

#4 : osp(4|4), sZ(2|2) © sZ(2), sZ(3) © sZ(l|2), so(7) © sZ(2), F(4) 

#5 : s/(7)( 2 \ sp{6) © sZ(l|l), sp{4) © sZ(l|2), osp(2|4) © sZ(2), F(4) 

#6 : so(8)( 2 ), so(7) © sZ(ljl), so(5) © sZ(l|2), osp(2|4) © sZ(2), F(4) 

#7 : s/(2|4)( 2 ), osp(4|2) © sZ(2), osp(2|2) © sZ(3), so(7) © sZ(2), F(4) 

#8 : osp(3|4)( 1 ), osp(3|4) © sZ(2), osp(3|2) © sZ(3), so(7) © sZ(2), F(4) 
#9: 
#10 

#11 
#12 

#13 
#14 
#15 
#16 
#17 
#18 
#19 
#20 
#21 
#22 
#23 
#24 
#25 



osp(l|6)« osp(l\Q) © sZ(2), osp(l\A) © sZ(3), osp{\\2) © so(7), F 4 

: s/(l|7)W osp(l|6) © sZ(2), osp(l|4) © sZ(3), osp(l|2) © sp{6), F A 

: s/(l|7)W, osp(l|6) © sZ(ljl), osp{l\A) © sZ(l|2), osp(2|4) © osp(l|2), F(4) 

: s/(5|2)( 2 ), osp(5|2) © sZ(2), osp(3|2) © sZ(3), so(7) © osp(l|2), F(4) 

: F 4 , so(7) © sZ(ljl), sZ(3) © sZ(l|2), sZ(2) © sZ(l|3), osp{2\6) 

: so(7)W, so(7) ©osp(l|2), osp(l|4) © 2 sZ(2), osp(l|8), sZ(l|7)^ 

: sl(6) {2 \ sp(6) © osp(l|2), osp(l|4) © 2 sZ(2), osp(l|8), osp(l\6)^ 

: s/(l|6)( 2 ), osp(l|6) © sZ(2), sZ(3) © sZ(2) © osp(l\2), sZ(5), osp(l|8) 

: s/(l|6)( 2 ), osp(l|6) © sZ(2), sp(4) © osp(l|2) © sZ(2), sp(8), osp(l|6)« 

: s/(l|6)( 2 ), osp(l|6) © sZ(2), so(5) © osp(l|2) © sZ(2), so(9), sZ(l|7)( 4 ) 

: s/(l|6) (2) , osp(l|6) © osp(l|2), osp(l|4) © osp(l|2) © sZ(2), osp(l|8), osp(2|6) (2) 

: sZ(l|6)( 2 \ osp(l|6) © sZ(l|l), sZ(l|2) © osp(l|2) © sZ(2), sZ(l|4), osp(3|6) 

: osp(6|2), osp(l|2) © sZ(l|3), osp(l\A) © sZ(l|l) © sZ(2), osp(l|8), osp(3\6) 

: osp(6|2), sZ(2) © s/(l|3), sZ(3) © sZ(2) © sZ(l|l), sZ(5), sZ(l|4) 

: osp(6|2), sZ(l|3) © sZ(ljl), sZ(l|2) © sZ(l|l) © sZ(2), sZ(l|4), sZ(2|3) 

: s/(6) (2) , sp(6) ©sZ(l|l), sZ(l|2) ©2sZ(2), sZ(l|4), osp(2\6) 

: so(7)W, so(7) © sZ(ljl), sZ(l|2) © 2 sZ(2), sZ(l|4), osp(7\2) 
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#26 : osp(6\2), sl(2) © sZ(l|3), sp(A) © sZ(2) © sZ(l|l), sp(8), osp(2\6) 

#27 : osp(6\2), sl(2) © sZ(l|3), so(5) © sl(2) © sZ(ljl), so(9), osp(7\2) 

#28 : sZ(4)«, sZ(4) © sZ(l|l), sZ(l|4), osp(6|2) 

#29 : s/(l|3) (1) , sZ(l|3) © sZ(2), sZ(l|4), osp(6|2) 

#30 : s/(2|4)( 2 ), osp{2\A) ©s/(2), osp(4|4), osp(2|4)« 

#31 : s/(2|4)( 2 ), osp(2|4) ©s/(2), osp(5|4), s/(5|2)( 2 ) 

#32 : s/(2|4)( 2 ), osp{2\A) © osp(l\2), osp(5|4), osp(3|4)W 

#33 : sZ(4)W, sZ(4) ©osp(l|2), sZ(l|6)< 2 >, osp(l|8) 

#34 : s/(2|4)( 2 ), osp(2|4) © sZ(2), sZ(2|3), osp(2\6) 

#35 : so(8), osp(l|2) © 3 sZ(2), s/(l|6)( 2 ) 

#36 : F(4), osp(2|2) © sZ(3), osp(2\A) © sZ(2), osp(2|4)« 

#37 : F(4), sZ(l|2)©2sZ(2), sZ(4) © sZ(l|l), so(7)« 

#38 : so(8), osp(6|2), sZ(l|l) © 3 sZ(2) 



Rank 6 hyperbolic superalgebras 

#1 : F 4 {1) , sZ(l|l) © F 4 , sZ(l|2) © sp(6), sZ(l|3) © sZ(3), sZ(l|4) © sZ(2), osp(9\2) 

#2 : £< 2) , sZ(l|l) © F 4 , sZ(l|2) © so(7), sZ(l|3) © sZ(3), s/(l|4) © sZ(2), osp(2\8) 

#3 : F 4 {1) , osp(l|2) © F 4 , osp(l|4) © sp(6), osp(l\Q) © sZ(3), osp(l|8) © sZ(2), sl(l\9)^ 

#4 : Ef \ osp{\\2) © F 4 , osp(l|4) © so(7), osp(l|6) © sZ(3), osp(l|8) © sZ(2), osp(l|8)W 

#5 : so(10), sZ(l|l) © sZ(5), sZ(l|2) © sZ(3) © sZ(2), sZ(l|4) © sZ(2), osp(8|2), sZ(l|5) 

#6 : osp(8|2), sZ(ljl) ©s/(l|4), sZ(2) © 2 sZ(l|2), sZ(2|4) 

#7 : sl(8Y 2 \ sZ(ljl) © sp(8), sZ(l|2) © sZ(2) © sp(4), sZ(l|4) © sZ(2), osp{8\2), osp{2\8) 
#8 : so(9)«, sZ(l|l) © so(9), sZ(l|2) © sZ(2) © so(5), sZ(l|4) © sZ(2), osp(8\2), osp(9\2) 
#9 : so(10), osp(l|2) © sZ(5), sZ(2) © sZ(3) © osp(l|4), sZ(2) © osp(l|8), sZ(l|8)^ 2 \ osp(l|10) 
#10 : so(9)W, osp(l|2) © so(9), osp(l|4) © sZ(2) © so(5), osp(l\8) © sZ(2), sZ(l|8)( 2 \ sZ(l|9)( 4 ) 
#11 : sl(8) {2 \ osp{\\2) © sp(8), osp(l|4) © sZ(2) © sp(4), osp(l|8) © sZ(2), sZ(l|8)< 2 >, osp(l|8)« 
#12 : s/(l|8)( 2 \ osp(l|2) © osp(l|8), osp(l|4) © sZ(2) © osp(l\A), osp(2\8) ( ^ 

#13 : sZ(l|8)( 2 \ sZ(l|l) © osp(l\8), sZ(l|2) © sZ(2) © osp(l|4), sZ(l|4) © osp(l\2), osp{8\2), osp(3\8) 
#14 : so(8)W, sZ(l|l)©so(8), sZ(l|2) © 3 sZ(2), osp(8|2) 
#15 : so(8)W, osp(l|2) © so(8), osp(l|4) © 3 sZ(2), sl(l\8)^ 
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